GENERALIZED EMPIRICAL LAWS OF STARTING DISCONTINUITY
DYNAMICS ASSOCIATED WITH THE STARTUP OF UNDEREXPANDED
JETS
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The process of formation of an underexpanded jet is accompanied by the formation of
complex gas-dynamic structures — shock waves and rarefaction waves, contact surfaces. The
geometry, amplitudes, and dynamics of these structures depend on a large number of governing
parameters such as the stagnation and underexpansion parameters, the composition of the gas,
the dimensionality of the flow, and the characteristic dimensions of the nozzle. The motion
of the starting discontinuities associated with jet startup has been investigated in numerous
experimental [1-4] and theoretical [5-8] studies. In {4, 7, 9] attempts were made to intro-
duce generalizing parameters suitable for modeling the process of jet formation in different
flow regimes. The starting points were the generalizing parameters and similarity criteria
developed for the flows in steady supersonic jets and, moreover, in the theory of point ex-
plosions [10]. The next step was to introduce additional criteria to take into account the
unsteady processes in the jet startup stage [1, 2, 8]. Because of the approximations of the
analytic models employed and the limited number of experimental regimes investigated the
published data do not make it possible to formulate universal similarity criteria which
could be used to describe the dynamics of the starting gas-dynamic structures in the form of
equations that do not depend on the above-mentioned parameters of the flow.

The aim of the present study was to analyze a large number of experimental data on the
motion of the starting discontinuities along the jet axis and to obtain single relations
describing their dynamics over a broad range of the governing parameters. Numerous experi-
ments were carried out on two-dimensional (plane) supersonic jets flowing from a sonic slit
nozzle into various model gases (Ar, N,, CO,) over a broad range of temperatures, stagnation
pressures, and underexpansion ratios. We also analyzed the previous experimental data [1-3]

obtained for both pane and axisymmetric jets over the range of underexpansion ratios from
10 to 108. ,

In those experimental regimes in which the jet flowed into a space with back pressure,
i.e., when the pressure of the background gas ps, > 0.1-1 Pa, an unsteady gas-dynamic struc-
ture, which, apart from the expanding-gas front itself, includes the primary shock traveling
through the background gas and the secondary shock that matches the pressure in the gas
with the pressure in the ambient space, is formed in the starting flow. Propagating up-
stream at velocities less than the flow velocity, this secondary wave gradually drifts away
from the section near the nozzle exit where it was formed towards its steady-state position.
In a number of experiments not one but two secondary waves were observed [11] together with
certain irregularities in the dynamics of all the above-mentioned starting discontinuities.

Below, the motion of the principal gas-dynamic discontinuities (expanding-gas front,
primary and secondary shocks) along the jet axis is analyzed within the framework of second-
degree polynomials corresponding to the model proposed in [1, 7].

The experiments were carried out on an apparatus consisting of a combination of a shock
tube and a vacuum chamber [11]. The gas flowed from a slit nozzle with half-width r, = 1.15
mm and length d = 40 mm in the end face of a shock tube connected to a vacuum chamber in
which a special adapter designed to ensure the two-dimensionality of the flow was mounted.
The process was recorded by the schlieren method using a standard IAB-451 instrument and
a spark light source whose intensity, giving an exposure of about 1 usec made it possible
to record the flow pattern in the pulsed jet to half-scale. The large-frame records allowed
the details of the structure to be analyzed and the coordinates of the surfaces of discon-
tinuity to be accurately determined relative to the nozzle exit. For framewise recording
the random error in determining the wave velocities was about 17.
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In the experiments the Mach numbers of the incident shock wave in. the shock tube were
M = 8-3, which corresponded to T, = 3000-1000 K in CO,, T, = 5000-1500 K in N,, and T, =
13,000-2500 K in Ar. The initial wunderexpansion ratio was varied over the range N = py/pe =
1000-50. :

Schlieren photos of the process were obtained in two planes for different stages of the
flow, starting 7-10 psec from the onset of flow and ending with the flow pattern corresponding
to 300 upsec. The maximum time was limited by the size of the two-dimensional adapter (200
mn). A comparison of the flow patterns for nitrogen, argon, and carbon dioxide jets shows
that, in general, the flow development is similar. Figure 1 reproduces examples of shadow-
graphs in which the dynamics of the starting discontinuities in various flow regimes are
clearly visible: I corresponds to nitrogen with pe, = 8°102 Pa and M = 6.54, II to argon
with pe = 5.6°10% Pa and M = 5.45, III to carbon dioxide with pw =5.3 10" Pa and M = 3.44, and
IV to carbon dioxide with pe = 1.07 x 102 Pa and M = 7.47 at right angles to the major axis
of the nozzle. In all stages the expanding-gas front 1 with its characteristic vortex struc-
ture is clearly visible and in the background gas it is possible to observe the primary shock
2 which in the immediate vicinity of the nozzle edge stands off from the expanding-gas front
and travels at a velocity greater than that of the front. When pe > 1.33:10% Pa a secondary
wave 3 appears in the expanding gas, again in the immediate vicinity of the nozzle exit. At
lower pressures it is not always observed. It is apparent that the jet angle increases on
transition from Ar to N, and CO,.

Figure 2a-c¢ show the motion of the expanding-gas front in Ar, N,, and CO, respectively
for various ambient pressures pe. Points 1-3 represent the experimental data for p, = 8-107;
5.6:103; 5.3-10* Pa, and the curves equations of motion of the form t = ax + bx? obtained from
a least-squares analysis of the experimental results. The slowing of the front, which in-
creases with increase in back pressure, is clearly visible. Thus, for the lowest back pres-
sure pe = 8+10% Pa in N, and CO, on the flow interval recorded the motion of the expanding-
gas front is almost linear, without slowing, but when pe = 5.3° 10* Pa in N, and CO, the velo-
city of the front more than halves on the interval from 20 to 100 mm from the nozzle exit.

In [1] a study of the laws of motion of the expanding-gas front for an axisymmetric
nozzle made it possible to generalize the experimental data for Ar and N, in the similarity
coordinates ¢ = x/(r, /N), 0 = tuy/(r, VN) (up = 2c,/(y — 1) is the maximum velocity of un-
steady flow into a vacuum) and to obtain empirical equations of motion of the front in these
coordinates for Ar and N,.
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The results of our experiments on the dynamics of the expanding-gas front, represented
in the similar coordinates ¥ = x/(r,N*/%) and 6 = tuy/(r,N'/®) (where the exponent 1/a takes

into account the dimensionality of the flow: a = 1 for a two-dimensional jet, o = 2 for an
axisymmetric jet), whether for different flow regimes in the same gas or for similar flow
regimes in different gases, cannot be generalized. The discrepancy between the data for Ar
and CO, reaches 100%. Thus, in order to find the generalized equation of motion of the
expanding-gas front it was necessary to continue the search for similarity criteria reflect-
ing different flow regimes and the physical properties of different gases.

As a first step, we obtained a generalization in each gas for various flow regimes.
The flow regimes differ with respect to the ratio N and temperature. Since N already enters
into the coodinate ¢ and no generalization can be obtained from varying its exponent, it is
necessary to supplement Y with a multiplier that takes the temperature factor into account.
In [7] this multiplier entered into the similarity coordinates in the form (T,/T_)"°:°; how-
ever in the case of our experiments this did not lead to generalization.

In analyzing the results, it was noted that generalization is obtained in each gas when
the exponent of the temperature factor entering into the ¥ coordinate has different values
for each gas. By comparing them we were able to write a general expression for the compo-
nent in the form (y — 1)/2. Thus the ¥ coordinate, represented in the form:

Py = [2/(re NV | (T T )P0,

generalizes all the flow regimes obtained in each gas. TFigure 3 shows the generalization in
Ar for various flow regimes (curves 1-3 are for N = 380, 190, and 57, respectively) in the
coordinates ¢, and 8. The generalization picture is similar for N, and CO,. In these
coordinates the discrepancy between the data obtained in different regimes does not exceed
87, but the difference between them in different gases reaches 3007.

In the second step, it was necessary to supplement the coordinate with a multiplier that
differed for each gas. An analysis of the motion of the expanding gas front along the flow
axis showed that when the velocity of unsteady flow into a vacuum (uy = 2¢c,/(y — 1)) or the
steady flow velocity (ug = v2/(y — 1):c,) was used in the coordinate, generalization in
different gases could not be obtained. However, when the multiplier ((y — 1)/2)? is intro-
duced into the 6 coordinate it is possible to generalize the motion of the front for all the
gases investigated. Thus, 6 should be written as
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Figure 4 gives the experimental points 1-3 for Ar, N,, and CO, in different flow regimes
and the generalizing relation in the coordinates P; and 6;. In these coordinates the
generalized equation of motion of the expanding-gas front takes the form:

8, = 0,49, + 0,197 3 (1)

it is correct to within about 107 for a two-dimensional jet in Ar, N,, and CO, when ¥; =
0.05-2.3. '

The results of our experiments (the straight line 1) and the previously obtained rela-
tions for the motion of the expanding-gas front in axisymmetric jets are compared in the
coordinates log ¥, and log ©; in Fig. 5: la corresponds to Ar‘and 1b to N, for N = 108,
To/Tw = 1 [1]; 2a corresponds to Ar and 2b to N for N = 108, T,/T, = 1 [2]; 3a corresponds
to Ar, 3b to N,, and 3¢ to CO, for N = 50-100, T,/T, = 6-12 [3]. TFrom a comparison with all
the previously obtained results for the motion of an expanding-gas front it is clear that
the equation obtained in the similarity parameters y; and 8; most fully describes the motion
of the front. It can be recommended for describing the motion of an expanding-gas jet front
in the unsteady stage of flow.

The experimental results on the dynamics of the secondary shock propagating in the ex-
panding gas were subjected to a similar analysis. The experimental data can be satisfactorily
generalized in the similarity coordinates 6, and ¥,. The equation of motion of the secondary
wave takes the form:

0; = — 0,07, + 0,8y%, !

Y1 b1 2)
where {,; varies over the interval 0.25~2.3. The negative coefficient of the linear term re-
flects the fact that the secondary wave is formed not at the edge of the nozzle but at a
certain distance from it (¥, > 0.1). The coefficient of ¢,* has a larger value than in
equation (1), which reflects the considerable slowing of the secondary wave and its lagging
behind the expanding-gas front.

When the data on the motion of the primary wave in the background gas were analyzed for
Ar, N,, and CO, generalization in the coordinates ¥, and 8, was not obtained, whereas in each
gas individually the experimental results were well generalized by the coordinate ¥,. In
varying the coordinate 8, it is necessary to take into account the fact that the primary wave
moves in a background gas having a constant initial temperature for all the regimes investi-
gated: T, = 300 K. 1In the analysis of the experimental data this determined the weaker de-
pendence of the 8; coordinate on the multiplier (y — 1)/2, i.e., as distinct from 6; the data
are generalized by introducing ((y — 1)/2)3/2. Thus, the 6 coordinate takes the form

ot y—1
92——:&1—/&]/-——-—2 Coe

In this case the experimental data on the motion of the primary wave are described by the

equation
8, = 0,11y, + 0,09y

In Fig. 6 it is shown that the data (points 1-3 for Ar, N,, and CO,) are generalized (to
within about 10%) in the coordinates 8,, ¥;.

Thus, the empirical relations obtained can be recommended for describing the dynamics
of the starting discontinuities when underexpanded jets are started up in different flow
regimes.
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SHOCK WAVES IN POLYDISPERSE BUBBLY MEDIA WITH
DISSIPATION

S. L. Gavrilyuk and S. A. Fil'ko UDC 532.529.5

The shock wave structure in a bubbly liquid with a discrete bubble size distribution
function (at each point in space there are bubbles of M different radii) is investigated. In
the coordinate system moving with the wave the equations of motion reduce to a dynamical sys-
tem in 2M-dimensional phase space. For an arbitrary finite M the existence, uniqueness and
stability of the corresponding structure are proved. Stability is understood in the sense
of satisfaction of the Cemplen theorem at the shock wave, treated within the framework of the
equilibrium model as a strong discontinuity.

1. Mathematical Model

For low bubble concentrations the equations of motion of a polydisperse bubbly medium
with a incompressible carrier phase have the form [1, 2]:

Ut—‘uq=0§ (1-1)

Uy + pg = 0; (1.2)

RiRiy + 3R%/2 = (pa(Ri) — p)/ov — 4wiRu(pi Ro); (1.3)
€0 =0, n;3 =0, i=1,..., M. (1.4)

Here, t is time, g is the mass Lagrangian coordinate, u is velocity, v is the specific vol-
ume of the mixture, p is the pressure in the liquid, R; are the radii of the bubbles, i de-
notes the corresponding bubble fraction (kind), pI(R;) is the pressure in a bubble of the
i-th kind, pg is the density of the liquid (constant), u; are the effective dynamic viscosity
coefficients [3, Part 1, pp. 125, 126], c,i are the mass bubble concentrations, and nj is

the number of bubbles per unit mass of mixture. As shown in [3], in liquids with vicosities
of the same order as the viscosity of water the damping of fairly large bubbles is mainly
determined by thermal dissipation. Since the heat transfer from the bubble to the liquid is
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